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Hvwlpdwlqj G|qdplf Prghov iurp Uhshdwhg
Furvv0Vhfwlrqv
Pduqr Yhuehhn
N1X1 Ohxyhq dqg Wloexuj Xqlyhuvlw|
Iudqflv Yhood
Uxwjhuv Xqlyhuvlw| dqg Qhz \run Xqlyhuvlw|
Iheuxdu| 5</ 5333
MHO0frghv= F54/ F56/ F;4
Nh| zrugv= uhshdwhg furvv0vhfwlrqv> svhxgr sdqho gdwd> frkruwv> lqvwuxphqwdo
yduldeohv> lqglylgxdo g|qdplfv
Devwudfw
D pdmru dwwudfwlrq ri sdqho gdwd lv wkh delolw| wr hvwlpdwh g|qdplf
prghov rq dq lqglylgxdo ohyho1 Pr!ww +4<<6, dqg Froodgr +4<<;, kdyh
dujxhg wkdw vxfk prghov fdq dovr eh lghqwlhg iurp uhshdwhg furvv0
vhfwlrq gdwd1 Lq wklv sdshu zh uhfrqvlghu wklv lvvxh1 Zh uhylhz wkh
lghqwlfdwlrq frqglwlrqv xqghuo|lqj dowhuqdwlyh hvwlpdwruv dqg suhvhqw
dq lqvwuxphqwdo yduldeohv w|sh hvwlpdwru wkdw lv frqvlvwhqw xqghu d
uhodwlyho| zhdn vhw ri frqglwlrqv1 Wkhvh frqglwlrqv/ krzhyhu/ duh qrw
wulyldoo| vdwlvhg lq dssolhg zrun1
Fruuhvsrqghqfh= Pduqr Yhuehhn/ N1X1 Ohxyhq/ Fhqwhu iru Hfrqrplf Vwxglhv/ Qddp0
vhvwuddw 9</ 6333 Ohxyhq/ Ehojlxp1 H0pdlo= Pduqr1YhuehhnChfrq1nxohxyhq1df1eh +fruuh0
vsrqglqj dxwkru,> dqg Iudqn Yhood/ Ghsw1 ri Hfrqrplfv/ Uxwjhuv Xqlyhuvlw|/ Qhz Mhuvh|
Kdoo/ Qhz Euxqvzlfn/ QM 3;<3608388/ XVD1 H0pdlo= yhoodCidv0hfrq1uxwjhuv1hgx1
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4 Lqwurgxfwlrq
Dq lpsruwdqw ihdwxuh ri sdqho gdwd lv lwv idflolwdwlrq ri wkh hvwlpdwlrq ri
g|qdplf hfrqrplf prghov1 Uhfhqwo| Pr!ww +4<<6, dqg Froodgr +4<<;, kdyh
dujxhg wkdw vxfk prghov fdq dovr eh hvwlpdwhg yld uhshdwhg furvv0vhfwlrq
gdwd1 Wkh vxjjhvwhg hvwlpdwruv duh hlwkhu h{solflwo|/ ru lpsolflwo|/ lqvwux0
phqwdo yduldeohv surfhgxuhv edvhg rq wkh djjuhjdwlrq ri lqglylgxdo gdwd lqwr
frkruwv frpsulvlqj lqglylgxdov zlwk vlplodu revhuyhg fkdudfwhulvwlf+v,1 Wkh
odjjhg ghshqghqw yduldeoh lv uvw uhsodfhg e| d suhglfwhg ydoxh iurp dq
dx{loldu| uhjuhvvlrq dqg wkh g|qdplf prgho lv vxevhtxhqwo| hvwlpdwhg yld
lqvwuxphqwdo yduldeohv1 Wklv sdshu uhylhzv wkh lghqwlfdwlrq frqglwlrqv iru
frqvlvwhqw hvwlpdwlrq ri d olqhdu g|qdplf prgho iurp uhshdwhg furvv0vhfwlrqv1
Zh uvw vkrz wkdw wkh hvwlpdwru vxjjhvwhg e| Pr!ww +4<<6,/ edvhg rq rugl0
qdu| ohdvw vtxduhv +ROV, lq d prgho zkhuh wkh odjjhg ghshqghqw yduldeoh lv
uhsodfhg e| d suhglfwhg ydoxh/ lv lqfrqvlvwhqw lq wkh devhqfh ri vwurqj frqgl0
wlrqv lpsrvhg rq wkh h{rjhqrxv yduldeohv1 Zh wkhq frqvlghu vhyhudo dowhuqd0
wlyh lqvwuxphqwdo yduldeohv +LY, hvwlpdwruv1 Zh vkrz wkdw wkh lqvwuxphqwv
duh olnho| wr eh fruuhodwhg zlwk wkh htxdwlrqv* huuru whup/ wkhuhe| fdxvlqj wkh
uhvxowlqj hvwlpdwruv wr eh lqfrqvlvwhqw1 Fruuhfwlqj iru wklv lv vlplodu wr do0
orzlqj iru frkruw vshflf {hg hhfwv/ dv lv grqh lq vwdwlf prghov +Ghdwrq
+4<;8,, dqg lq Froodgr +4<<;, iru wkh g|qdplf prgho1 Wkh uhvxowlqj hvwl0
pdwru lv frqvlvwhqw xqghu hvvhqwldoo| wkh vdph frqglwlrqv dv wkh hvwlpdwruv
suhvhqwhg e| Froodgr +4<<;,1 Pruhryhu/ wkh hvwlpdwru zh suhvhqw lv pruh
h!flhqw1 Xqiruwxqdwho|/ wkh frqglwlrqv iru frqvlvwhqf| iru wklv hvwlpdwru/
wkrxjk uhodwlyho| zhdn/ pd| qrw eh vdwlvhg lq sudfwlfh1
Wudglwlrqdoo|/ wkh olwhudwxuh rq uhshdwhg furvv0vhfwlrqv lv fkdudfwhul}hg e|
d udqjh ri dowhuqdwlyh dv|pswrwlfv +frpsduh Yhuehhn +4<<9,,1 Frqvlvwhqf|
lq wklv sdshu zloo uhihu wr odujh  dqg vpdoo A Wkdw lv/ wkh qxpehu ri
lqglylgxdov +lq hdfk furvv0vhfwlrq, lv dvvxphg wr eh odujh/ zkloh wkh qxpehu ri
furvv0vhfwlrqv lv {hg1 Dq dgglwlrqdo lpsruwdqw lvvxh lv zkhwkhu wkh qxpehu
ri lqvwuxphqwv +jurxsv/ frkruwv, lv nhsw {hg li wkh qxpehu ri lqglylgxdov
lqfuhdvhv1 Zh iroorz Pr!ww +4<<6, dqg wuhdw wkh qxpehu ri lqvwuxphqwv
dv {hg/ vxfk wkdw/ dv|pswrwlfdoo|/ zh fdq ljqruh hvwlpdwlrq huuru lq wkh
uhgxfhg irup htxdwlrqv1
Wkh uhpdlqghu ri wklv sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 vwduwv zlwk
d suhvhqwdwlrq ri wkh prgho ri lqwhuhvw dqg vkrzv wkdw ROV rq wkh prgho zlwk
d suhglfwhg odjjhg ghshqghqw yduldeoh zloo jhqhudoo| qrw ohdg wr frqvlvwhqw
hvwlpdwruv1 Vhfwlrq 6 wkhq glvfxvvhv vrph srwhqwldoo| vxlwdeoh LY hvwlpd0
5
wruv/ lqfoxglqj wkrvh vxjjhvwhg e| Pr!ww dqg Froodgr/ dqg dujxh wkdw wkh
qhfhvvdu| frqglwlrqv iru frqvlvwhqf| duh xqolnho| wr eh vdwlvhg lq hpslul0
fdo dssolfdwlrqv1 Vhfwlrq 7 surylghv dq looxvwudwlyh h{dpsoh/ zkloh Vhfwlrq 8
frqfoxghv1
5 Prgho dqg Gdwd
Wkh revhuyhg gdwd frqvlvwv ri A lqghshqghqw furvv0vhfwlrqv zklfk duh gudzq
dw glhuhqw srlqwv lq wlph zlwk hdfk ehlqj d udqgrp vdpsoh ri vrph xqghuo|0
lqj srsxodwlrq1 Dv lqglylgxdov lq glhuhqw shulrgv duh qrw wkh vdph shrsoh/
zh lqgh{ wkh yduldeohv e| d grxeoh vxevfulsw1 Wkh | ghqrwhv wkh furvv0vhfwlrq
dqg E|c c c | lqgh{hv lqglylgxdov lq furvv0vhfwlrq |1 Wkh prgho lv=
+E|c| ' k+E|c|3 n %

E|c|q n 0E|c|c | ' c c A ( E| ' c c|c +4,
zkhuh wkh g0glphqvlrqdo yhfwru %E|c| pd| lqfoxgh wlph0lqyduldqw dqg2ru
wlph0ydu|lqj yduldeohv +dqg d frqvwdqw,1 Zh dvvxph wkh huuru whup kdv wkh
iroorzlqj surshuwlhv=
.i0E|c|%E|c|j ' f/ | ' c c A +5,
Zlwk uhshdwhg furvv0vhfwlrq gdwd wkhuh duh jhqhudoo| qr odjjhg ydoxhv iru
+ revhuyhg iru dq| lqglylgxdo1 Iroorzlqj Pr!ww +4<<6,/ uhsodfh +E|c|3 e|
dq hvwlpdwhg ydoxh1 Wr gr vr/ ohw 5E|c| ghqrwh d vhw ri yduldeohv wkdw duh
revhuyhg dw wlph | dqg | iru doo lqglylgxdov lq furvv0vhfwlrq |c lqfoxglqj dq
lqwhufhsw whup1 Wklv uhtxluhv wkdw 5E|c| lv wlph0lqyduldqw +iru h{dpsoh/ gdwh ri
eluwk/ udfh/ jhqghu,/ exw wlph0ydu|lqj yduldeohv wkdw fdq eh edfnfdvwhg zlwk
uhdvrqdeoh dffxudf| pd| dovr eh lqfoxghg1 Ehorz/ zh vkdoo irfxv h{solflwo|
xsrq srvvleoh fkrlfhv iru 5E|c| Qrz/ frqvlghu wkh ruwkrjrqdo surmhfwlrq lq
furvv0vhfwlrq | ri +E|c| xsrq 5E|c|c
.Wi+E|c|m5E|c|j ' 5E|c|B|c | ' c c Ac +6,
zkhuh .W ghqrwhv wkh ruwkrjrqdo surmhfwlrq +iru d jlyhq | Wklv uhgxfhg
irup fdq eh hvwlpdwhg frqvlvwhqwo| e| uhjuhvvlqj +E|c| rq 5E|c| wr jlyh 	B|
Iroorzlqj Pr!ww +4<<6,/ rqh rewdlqv dq hvwlpdwh ri +E|c|3 dv wkh suhglfwhg
ydoxh iurp wklv uhjuhvvlrq/ vxevwlwxwlqj wkh dssursuldwh 5 ydoxhv iru wkh lqgl0
ylgxdov lq furvv0vhfwlrq | Wkdw lv/
	+E|c|3 ' 5E|c|3	B|3c +7,
6
qrwlqj wkdw 	B|3 lv hvwlpdwhg iurp gdwd rq glhuhqw lqglylgxdov wkdq wkrvh
lqgh{hg e| E| Lqvhuw wkhvh suhglfwhg ydoxhv lqwr wkh ruljlqdo prgho wr jhw=




E|c|c | ' c c A ( E| ' c c|c +8,
zkhuh
0WE|c| ' 0E|c| n kE+E|c|3  	+E|c|3 +9,
Rqh ri wkh h{sodqdwru| yduldeohv lv qrz phdvxuhg zlwk huuru/ dowkrxjk wkh
phdvxuhphqw huuru zloo eh dv|pswrwlfdoo| xqfruuhodwhg zlwk wkh suhglfwhg
ydoxh14 Pr!ww +4<<6, vxjjhvwv wkdw +8, fdq eh frqvlvwhqwo| hvwlpdwhg e|
ROV/ hyhq li 5E|c| rqo| lqfoxghv dq lqwhufhsw whup dqg 	+E|c|3 lv wkh vdpsoh
dyhudjh lq furvv0vhfwlrq |   Krzhyhu/ ROV zloo rqo| surgxfh frqvlvwhqw
hvwlpdwhv ri k dqg q li +dv|pswrwlfdoo|,
.i0E|c|	+E|c|3j ' fc | ' c c A +:,
.iE+E|c|3  	+E|c|3%E|c|j ' fc | ' c c Ac +;,
zkhuh zh xvhg +5, dqg wkh uhvxow wkdw suhglfwlrq huuru dqg suhglfwru duh
ruwkrjrqdo1 Wkh dvvxpswlrq wkdw 0E|c| lv xqfruuhodwhg zlwk 	+E|c|3 fdq eh
ghihqghg e| wkh xvxdo LY dvvxpswlrq wkdw
.i0E|c|5E|c|3j ' fc | ' c c A +<,
Krzhyhu/ lw lv xqolnho| wkdw %E|c| lv xqfruuhodwhg zlwk wkh suhglfwlrq huuru
+E|c|3  	+E|c|31 Frqvlghu/ iru h{dpsoh/ zkhuh kljk %0ydoxhv lq rqh shulrg
rq dyhudjh fruuhvsrqg zlwk kljk %0ydoxhv lq wkh qh{w shulrg1 Li wkh q frhi0
flhqwv duh srvlwlyh wklv zloo jhqhudoo| lpso| wkdw d kljk ydoxh iru %E|c|3/
zklfk lv xqrevhuydeoh/ zloo uhvxow lq dq xqghusuhglfwlrq ri +E|c|31 Rq wkh
rwkhu kdqg/ %E|c|3 lv srvlwlyho| fruuhodwhg zlwk %E|c|1 Frqvhtxhqwo|/ wklv
zloo surgxfh d srvlwlyh fruuhodwlrq ehwzhhq 0WE|c| dqg %E|c|/ uhvxowlqj lq dq
lqfrqvlvwhqw hvwlpdwru iru q1 Wklv lqfrqvlvwhqf| fduulhv ryhu wr k xqohvv
	+E|c|3 lv dv|pswrwlfdoo| xqfruuhodwhg zlwk %E|c|1 Wkxv wklv dssurdfk grhv
qrw surgxfh frqvlvwhqw hvwlpdwhv xqohvv wkhuh duh hlwkhu qr wlph0ydu|lqj h{0
rjhqrxv uhjuhvvruv ru wkh wlph0ydu|lqj h{rjhqrxv yduldeohv gr qrw h{klelw
dq| dxwrfruuhodwlrq1
Dq lvvxh zh kdyh ljqruhg deryh lv wkdw 	B| lv hvwlpdwhg zlwk huuru1 Fohduo|/
li lw fdq eh dvvxphg wkdw R *4	B| ' B| +iru | $ 4 wklv lv d vpdoo vdpsoh
4Xqolnh wkh vwdqgdug wh{werrn phdvxuhphqw huuru h{dpsohv1
7
sureohp/ dv 	B| lv hvwlpdwhg xvlqj lqglylgxdov iurp wkh suhylrxv furvv0vhfwlrq
dqg wkxv xqfruuhodwhg zlwk dq| yduldeoh iurp furvv0vhfwlrq | Wklv lv wkh
dujxphqw h{sorlwhg lq Pr!ww +4<<6,1 D sureohp pd| dulvh/ krzhyhu/ li wkh
qxpehu ri lqvwuxphqwv lqfuhdvhv zlwk |/ zklfk rffxuv lq wkh dssurdfk ri
Froodgr +4<<;, zklfk zh frqvlghu ehorz1
6 Lqvwuxphqwdo yduldeohv hvwlpdwruv
Wr ryhufrph wkh sureohp ri fruuhodwlrq ehwzhhq wkh uhjuhvvruv dqg wkh huuru
whup rqh pd| hpsor| lqvwuxphqwdo yduldeohv hvwlpdwruv1 Qrwh wkdw zh qrz
qhhg lqvwuxphqwv iru %E|c| hyhq wkrxjk wkhvh yduldeohv duh h{rjhqrxv lq wkh
ruljlqdo prgho1 Ohw E|c| ghqrwh dq -0glphqvlrqdo yhfwru ri srwhqwldo lqvwux0
phqwv wkdw fdq eh xvhg wr hvwlpdwh +8,1 Qhfhvvdu| frqglwlrqv iru frqvlvwhqw
hvwlpdwlrq duh wkdw +dv|pswrwlfdoo|,5
.i0E|c|E|c|j ' fc | ' c c A +43,


























' P kdv udqn g n  +45,
Wkh uvw frqglwlrq vd|v wkdw wkh lqvwuxphqwv vkrxog eh h{rjhqrxv/ zklfk lv
vlplodu wr frqglwlrq +<,1 Wkh vhfrqg frqglwlrq +44, lpsolhv wkdw wkh suhglf0
wlrq huuru lv ruwkrjrqdo wr wkh lqvwuxphqwv1 Wkdw lv/ wkh lqvwuxphqwv E|c|
vkrxog qrw eh deoh wr suhglfw dq| ri wkh yduldwlrq lq +E|c|3 ohiw xqh{sodlqhg
e| 5E|c|31 Frqvhtxhqwo|/ d qdwxudo fkrlfh lv E|c| ' 5E|c|3/ vxfk wkdw erwk
+43, dqg +44, duh dxwrpdwlfdoo| vdwlvhg xqghu frqglwlrq +<,1 Wkh wklug frq0
glwlrq vd|v wkdw A- Eg n furvv0prphqw pdwul{ P kdv ixoo froxpq udqn1
Wklv uhtxluhv wkdw wkh lqvwuxphqwv fdswxuh yduldwlrq lq +E|c|3 lqghshqghqw
ri wkh yduldwlrq lq %E|c|
Lw lv lpsruwdqw wr qrwh wkdw wkh udqn frqglwlrq iru lghqwlfdwlrq lq +45,
lv lq whupv ri wkh wuxh uhgxfhg irup sdudphwhuv/ olnh B| Wklv lpsolhv wkdw
5Zh lqwhusuhw wkhvh frqglwlrqv dv ehlqj uhtxluhg iru hdfk shulrg w= Rq wkh srrohg
vdpsoh/ wklv lpsolhv wkdw wkh lqvwuxphqwv lq zl+w,>w pd| eh lqwhudfwhg zlwk wlph gxpplhv1
Dowhuqdwlyho|/ wkh frqglwlrqv fdq eh lpsrvhg wr krog ryhu wkh srrohg vdpsoh rqo|1 Lq wklv
fdvh/ frqvlvwhqf| lv wr eh lqwhusuhwhg iru W +ru erwk W dqg Qw, jrlqj wr lqqlw|1
8
wkhvh rughu frqglwlrqv fdqqrw eh gluhfwo| yhulhg iurp wkh gdwd1 Wkdw lv/ hvwl0
pdwlrq huuru lq wkh uhgxfhg irup sdudphwhuv pd| klgh froolqhdulw| sureohpv
dqg wkhuhe| surylgh vsxulrxv lghqwlfdwlrq1
Lq prgho +4,/ wkh wrwdo yduldwlrq lq +E|c|3 fdq eh dwwulexwhg wr yduld0
wlrq lq hdfk ri %E|c|3c 0E|c|3 dqg +E|c|32 Dv d vlplodu dujxphqw krogv iru
+E|c|32c rqh fdq vd| wkdw wkh yduldwlrq lq wkh odjjhg ghshqghqw yduldeoh lv
gxh wr yduldwlrq lq odjjhg huuru whupv/ odjjhg h{rjhqrxv yduldeohv dqg/ sr0
whqwldoo|/ glhuhqw vwduwlqj gdwhv ru vwduwlqj ydoxhv1 Lq prvw sudfwlfdo fdvhv/
wkh lqvwuxphqwv zloo eh wlph0lqyduldqw +h1j1/ gdwh ri eluwk,/ ru/ zklfk lv htxly0
dohqw iru rxu sxusrvhv/ ixoo| suhglfwdeoh iurp wkhlu rzq sdvw +h1j1/ djh,1 Wklv
lpsolhv wkdw lqvwuxphqwv xqfruuhodwhg zlwk 0E|c| zloo xvxdoo| eh xqfruuhodwhg
zlwk dq| odjjhg huuru dv zhoo1 Frqvhtxhqwo|/ wkh frqglwlrqv deryh uhtxluh
wkdw wkh lqvwuxphqwv eh deoh wr suhglfw yduldwlrq lq odjjhg h{rjhqrxv ydul0
deohv glhuhqw iurp wkdw suhglfwhg lq fxuuhqw ydoxhv16 Dw wkh vdph wlph/ wkh|
vkrxog eh xqfruuhodwhg zlwk wkh htxdwlrq*v huuru1
Jlyhq wkhvh vwulqjhqw uhtxluhphqwv lw lv olnho| wkdw wkh qxpehu ri srwhqwldo
lqvwuxphqwv lv vpdoo1 Iluvw/ wkh lqvwuxphqwv +gdwhg |pxvw eh revhuyhg iru
doo lqglylgxdov lq furvv0vhfwlrq | Dowkrxjk qrw qhfhvvdulo|/ wklv zloo xvxdoo|
uhvwulfw dwwhqwlrq wr wlph0lqyduldqw yduldeohv1 Jlyhq wkh frqglwlrqv deryh
dqg wr vlpsoli| wkh glvfxvvlrq zh vkdoo qrz dvvxph wkdw E|c| ' 5E|c|3 '
E|c wkdw lv/ wkh lqvwuxphqwv xvhg wr suhglfw +E|c|3 duh wlph0lqyduldqw dqg
lghqwlfdo wr wkrvh xvhg wr hvwlpdwh wkh uhvxowlqj prgho1 Lq wklv fdvh/ +44, lv
dxwrpdwlfdoo| vdwlvhg dqg frqglwlrqv +<, dqg +43, duh lghqwlfdo1 Lw lv zhoo
nqrzq wkdw wdnlqj jurxs dyhudjhv lv htxlydohqw wr lqvwuxphqwdo yduldeohv
hvwlpdwlrq zlwk wkh jurxs gxpplhv dv lqvwuxphqwv +Dqjulvw +4<<4,/ Pr!ww
+4<<6,,1 Wkxv/ zkhq wkh lqvwuxphqwv duh frkruw gxpplhv/ hvwlpdwlrq ri
+8, e| lqvwuxphqwdo yduldeohv lv lghqwlfdo wr dsso|lqj ROV wr wkh ruljlqdo
prgho zkhuh doo yduldeohv duh uhsodfhg e| wkhlu +wlph0vshflf, frkruw vdpsoh
dyhudjhv1
Wkh dydlodelolw| ri dssursuldwh lqvwuxphqwv/ wkdw vdwlvi| frqglwlrqv +<,
dqg +43,0+45, pd| eh udwkhu olplwhg1 Wkxv lw lv qdwxudo wr dvn zkhwkhu zh
fdq vrphzkdw uhod{ wkh uhtxluhphqwv rq wkh lqvwuxphqwv1 Rqh srvvlelolw|
lv wr h{solflwo| fdswxuh wkh frkruw hhfwv e| lqfoxglqj frkruw {hg hhfwv/
dv lq Ghdwrq +4<;8, dqg Froodgr +4<<;,1 Wklv lv grqh e| lqfoxglqj E| dv
dgglwlrqdo uhjuhvvruv lq +8, exw zlwk wlph0lqyduldqw frh!flhqwv1 Wkxv/ zh
6Wkhuh lv qr qhhg wr lqvwuxphqw wlph0lqyduldqw {*v/ surylghg wkdw wkh| duh lqfoxghg lq
wkh lqvwuxphqw yhfwru }1
9




Li wkh lqvwuxphqwv duh fruuhodwhg zlwk wkh huuru whup/ lw pljkw eh h{shfwhg
wkdw +:, lv ylrodwhg dqg wkdw wkh suhglfwhg ydoxh 	+E|c|3 lv fruuhodwhg zlwk wkh





wklv lv dxwrpdwlfdoo| wdnhq lqwr dffrxqw zlwk +46,17 Wkxv zh fdq zulwh






.i#E|c|E|j ' fc | ' c c A +49,
uhsodfhv frqglwlrq +43,1 Wklv dovr doorzv rqh wr uhod{ dvvxpswlrq +5, wr
.i#E|c|%E|c|j ' fc | ' c c A +4:,
Wkxv zh zrxog hvwlpdwh +48, e| LY xvlqj E|/ lqwhudfwhg zlwk wlph gxp0
plhv/ dv lqvwuxphqwv1 Zh vkdoo uhihu wr wklv dv wkh dxjphqwhg LY hvwlpdwru
qrwlqj wkdw d wlph0ydu|lqj b zrxog pdnh wkh prgho xqlghqwlhg1 Wr dfklhyh







FFD kdv udqn g n  +4;,
Li P| grhv qrw ydu| vx!flhqwo| ryhu wkh furvv0vhfwlrqv/ wkh yduldwlrq ri wkh
lqvwuxphqwv lv froolqhdu zlwk E| dqg hvwlpdwlrq zloo euhdn grzq1 D gluhfw
lpsolfdwlrq ri wklv lv wkdw rqh qhhgv dw ohdvw wkuhh furvv0vhfwlrqv +| ' fc c 2
wr lghqwli| wkh prgho xqghu wkhvh dvvxpswlrqv1
Frpsxwdwlrq ri wklv dxjphqwhg LY hvwlpdwru lv uhpdundeo| vlpsoh li E|
lv d vhw ri frkruw gxpplhv1 Iluvw/ rqh vlpso| djjuhjdwhv wkh gdwd lqwr frkruw
dyhudjhv/ zklfk jlyhv





7Khuh/ rxu dvvxpswlrq wkdw aw frqyhujhv wr w lv lpsruwdqw1 Wkdw lv/ dv|pswrwlfdoo|
nqrzlqj zl+w, dqg a|l+w,>w4 lv htxlydohqw wr nqrzlqj zl+w,=
:
zkhuh wkh kdwv ghqrwh suhglfwhg ydoxhv iurp d shulrg0e|0shulrg uhjuhvvlrq rq
E|c wkdw lv/ wkh| ghqrwh +vdpsoh, frkruw dyhudjhv1 Vhfrqg/ dsso|lqj ROV
wr +4<, fruuhvsrqgv wr wkh vwdqgdug zlwklq hvwlpdwru iru Ekc q edvhg xsrq
wuhdwlqj wkh frkruw0ohyho gdwd dv d sdqho1 Wkh xvxdo sureohp zlwk hvwlpdwlqj
g|qdplf sdqho gdwd prghov +vhh Qlfnhoo +4<;4,,/ grhv qrw dulvh khuh ehfdxvh
xqghu dvvxpswlrq +49, wkh huuru whup/ zklfk lv d zlwklq frkruw dyhudjh ri lq0
glylgxdo huuru whupv wkdw duh xqfruuhodwhg zlwk E|c lv dv|pswrwlfdoo| }hur1
8
Krzhyhu/ lw uhpdlqv zkhwkhu vxlwdeoh lqvwuxphqwv fdq eh irxqg wkdw vdwlvi|
wkh deryh frqglwlrqv1
Zh duh qrz lq d srvlwlrq wr suhvhqw Froodgr*v +4<<;, hvwlpdwru19 Dv
Froodgr h{solflwo| uhvwulfwv dwwhqwlrq wr prghov lq frkruw dyhudjhv/ wkh lq0
vwuxphqwv E| duh wlph0lqyduldqw dqg wr eh lqwhusuhwhg dv d vhw ri frkruw
gxpplhv1 Wkh pdlq h{whqvlrq lv wkdw frqglwlrq +49, lv uhod{hg1 Lq sduwlf0
xodu/ d wlph0ydu|lqj fruuhodwlrq ehwzhhq 	+E|c|3 dqg #E|c| lv qrz doorzhg1
Iroorzlqj vwdqgdug g|qdplf sdqho gdwd LY surfhgxuhv/ wkh frkruw {hg hi0
ihfwv b duh uvw holplqdwhg e| uvw0glhuhqflqj/ wr jlyh
	+E|c|  	+E|3c|3 ' kE	+E|c|3  	+E|3c|32 +53,
nE	%E|c|  	%E|3c|3
q n E	#E|c|  	#E|3c|3c
zkhuh lw fdq eh qrwhg wkdw/ ehfdxvh ri wkh ghqlwlrq ri E|c| dv frkruw gxp0
plhv/ 	+E|3c|3 ' 	+E|c|3 dqg vlploduo| iru wkh rwkhu yduldeohv dqg odjv1
: Lq
rwkhu zrugv/ lq +53, zh kdyh d vwdqgdug +uvw0glhuhqfhg, g|qdplf sdqho gdwd
prgho zlwk wkh xqlw ri revhuydwlrq ehlqj d frkruw1 Li frqglwlrq +49, lv qrw
ydolg/ wkh frkruw dyhudjhv 	#E|c| duh dv|pswrwlfdoo| qrq}hur dqg fruuhodwhg
zlwk E| lq d wlph0ydu|lqj zd|1 Ixuwkhupruh/ 	+E|c|3 dqg 	#E|3c|3 duh
fruuhodwhg e| frqvwuxfwlrq/ dqg ROV dssolhg wr +53, lv lqfrqvlvwhqw1 Frq0
vhtxhqwo|/ htxdwlrq +53, pxvw dovr eh hvwlpdwhg e| LY1 Iru wkh jhqxlqh
sdqho gdwd prgho/ Duhoodqr dqg Erqg +4<<4, surylgh d olvw ri lqvwuxphqwv
zklfk lv h{sorlwhg e| Froodgr +4<<;,1 Wkh hvvhqwldo frqglwlrq iru lghqwlfd0
wlrq/ krzhyhu/ lv wkdw 	+E|3c|32c ru rqh ri lwv odjv/ lv d ydolg lqvwuxphqw iru
	+E|c|3  	+E|3c|32 Wklv/ dv ehiruh/ uhtxluhv wlph yduldwlrq lq 	+E|c|3c exw
dovr uhtxluhv wkdw
.iE	#E|c|  	#E|3c|3	+E|3c|32j ' fc +54,
8Uhfdoo wkdw/ dv|pswrwlfdoo|/ wkh qxpehu ri frkruwv lv {hg dqg wkh qxpehu ri lqglylg0
xdov jrhv wr lqqlw|1
9Zh vkdoo uhvwulfw dwwhqwlrq wr wkh hvwlpdwru wkdw lv fodlphg wr eh frqvlvwhqw iru {hg
W=
:Froodgr +4<<;, zulwhv |f>w> zkhuh f lqgh{hv frkruwv1
;
zklfk lv wulyldoo| vdwlvhg li wkhuh duh qr frkruw hhfwv lq #E|c| +dv zlwk wkh
dxjphqwhg LY hvwlpdwru,1; Lq jhqhudo/ krzhyhu/ lw lv ohvv reylrxv wkdw wklv
frqglwlrq lv vdwlvhg1< Li
.Wi#E|c|mE|j ' 

E||c | ' c c A +55,
zh wkxv qhhg wkdw +iru qlwh A 
.EE|E|  |3  

E|B|32j ' fc +56,
zklfk/ jlyhq wkh ghqlwlrq ri E|/ uhtxluhv wkdw E||3
B|32 ' f Froodgr
+4<<;, lpsrvhv wklv frqglwlrq zkloh dvvxplqj wkdw wkh glphqvlrq ri E|
+dqg wkxv wkh glphqvlrqv ri | dqg B| lqfuhdvhv zlwk vdpsoh vl}h/ wkurxjk
lpsrvlqj wkdw | lv ruwkrjrqdo wr Brc r 9' |1 Lq rxu fdvh/ zkhq zh nhhs wkh
glphqvlrq ri E| {hg/ wkh rqo| fdvh zkhuh wkh frqglwlrq fdq eh h{shfwhg
wr eh vdwlvhg lv zkhuh  lv wlph0lqyduldqw dqg wkxv lqfoxghg lq b1 Wkh
frqglwlrqv iru frqvlvwhqf| ri wklv hvwlpdwru duh wkxv qr zhdnhu wkdq wkrvh iru
wkh dxjphqwhg LY hvwlpdwru1
D glhuhqw zd| ri vwdwlqj wklv odvw uhvxow lv wkdw wkhuh lv qr jdlq iurp
lqvwuxphqwlqj 	+E|c|3  	+E|3c|32 lq +53,1 Rq wkh frqwudu|/ xqqhfhvvdulo|
grlqj vr zloo ohdg wr d orvv lq h!flhqf| frpsduhg wr wkh dxjphqwhg LY
hvwlpdwru/ zkloh wkh jdlq lq urexvwqhvv lv vsxulrxv1 Dv d uhvxow/ hvwlpdwlqj
d g|qdplf prgho iurp frkruw ohyho gdwd fdq eh pxfk vlpsohu wkdq iurp
jhqxlqh sdqho gdwd1 Wkh uhdvrq lv wkdw frqvlvwhqf| uhtxluhv wkdw dw wkh ohyho
ri frkruw djjuhjdwhv/ wkhuh lv qr orqjhu d wlph0vshflf fruuhodwlrq ehwzhhq
odjjhg ghshqghqw yduldeoh dqg odjjhg huuru whup1 Rq wkh rwkhu kdqg/ li
vxfk fruuhodwlrq h{lvwv/ dq| ixuwkhu odj ri wkh ghshqghqw yduldeoh zrxog qrw
surylgh d ydolg lqvwuxphqw1
;Qrwh wkdw dq| wlph0lqyduldqw frkruw hhfwv zrxog kdyh ehhq holplqdwhg e| wkh uvw0
glhuhqfh wudqvirupdwlrq1
<Uhfdoo wkdw zh ljqruh wkh phdvxuhphqw huuru sureohp lq Froodgr +4<<;, e| dvvxplqj
wkdw aw> dqg wkh rwkhu uhgxfhg irup sdudphwhuv/ dv|pswrwlfdoo| frqyhujh wr wkhlu wuxh
ydoxhv1 Lq Froodgr*v dssurdfk +iroorzlqj Ghdwrq +4<;8,, wkh qxpehu ri frkruwv lv dvvxphg
wr jurz zlwk vdpsoh vl}h1 Wklv lpsolhv wkdw wkh qxpehu ri lqvwuxphqwv lv lqfuhdvlqj zlwk
Qw dqg lw lv qr orqjhu reylrxv wkdw aw  w lv dv|pswrwlfdoo| }hur +qrwh wkdw wkh ghqlwlrq
ri w fkdqjhv zlwk vdpsoh vl}h,1 Nhhslqj wkh qxpehu ri lqvwuxphqwv {hg/ dv zh vkdoo gr/
wkh hvwlpdwlrq huuru lq aw lv d vpdoo vdpsoh sureohp/ zklfk pd| ru pd| qrw eh qhjoljleoh
+vhh Yhuehhn dqg Qlmpdq +4<<5, iru d glvfxvvlrq ri wklv lvvxh lq wkh vwdwlf prgho,1 Rqfh
zh kdyh d frqvlvwhqw hvwlpdwru iru  dqg  wklv fdq eh dgguhvvhg1
<
7 D vlpsoh h{dpsoh
Wr looxvwudwh dqg foduli| wkh frqglwlrqv iru frqvlvwhqf| ri wkh uhvshfwlyh hv0
wlpdwruv/ dv glvfxvvhg deryh/ frqvlghu d vlpsoh h{dpsoh zkhuh wkh prgho ri
lqwhuhvw frqwdlqv rqo| rqh h{rjhqrxv yduldeoh1 Wkh gdwd jhqhudwlqj surfhvv
lv jlyhq e|
+| ' k+c|3 n q%| n 0|c f 	 k 	 c +57,
zkhuh wkh huuru whup kdv wkh xvxdo huuru frpsrqhqwv vwuxfwxuh
0| ' w n | +58,
Lw lv dvvxphg wkdw | lv xqfruuhodwhg ryhu wlph1 Ohw  ghqrwh d vhw ri wlph0
lqyduldqw yduldeohv wkdw duh xvhg dv lqvwuxphqwv1 Wkh pdlq txhvwlrq lv zkdw
frqglwlrqv qhhg wr eh lpsrvhg xsrq wkh uhodwlrqvklsv ehwzhhq  dqg wkh
rwkhu yduldeohv lq wkh prgho wr jxdudqwhh wkdw rqh ru pruh ri wkh hvwlpdwruv
duh frqvlvwhqw1
Wkh uvw vwhs/ iru hdfk hvwlpdwru/ lv wr dssur{lpdwh wkh odjjhg ghshq0
ghqw yduldeoh e| d olqhdu surmhfwlrq xsrq c ghqrwhg .
Wi+c|3mj Xvlqj
















Lq d uvw fdvh/ fdvh D/ zh dvvxph wkdw wkh vwduwlqj ydoxh +J lv h{rjhqrxv dqg
lqghshqghqw ri w
43 Lq d vhfrqg fdvh/ fdvh E/ zh dvvxph wkdw wkh surfhvv lv
lq htxloleulxp ru 0 htxlydohqwo| 0 wkdw lw vwduwhg lq dq lqqlwh sdvw1 Iru fdvh












Qrwh wkdw lq wkh uvw fdvh wkh lqvwuxphqwv  pd| eh suhglfwlqj wkh odjjhg
ghshqghqw yduldeoh sduwo| wkurxjk wkh lqlwldo ydoxh +J
43Wkh vwduwlqj gdwh qhhg qrw frlqflgh zlwk wkh ehjlqqlqj ri wkh vdpsoh shulrg1
43
Ohw xv frqvlghu wkh uhvshfwlyh hvwlpdwruv1 Iluvw/ wkh ROV hvwlpdwru uh0
txluhv wkdw wkh lqvwuxphqwv duh xqfruuhodwhg zlwk wkh htxdwlrq*v huuru whupv1
Wkdw lv
.Wiwmj ' f +5;,
.Wi|mj ' f +5<,
Ixuwkhu/ lw lv uhtxluhg wkdw wkh suhglfwlrq huuru lv xqfruuhodwhg zlwk %|c zklfk
uhtxluhv wkdw %c|33.
Wi%c|33mj lv xqfruuhodwhg zlwk %| + ' fc c 2c 
Iru d wlph0ydu|lqj %|0yduldeoh/ wklv lpsrvhv wkh vwurqj uhvwulfwlrq ri wkh
devhqfh ri dxwrfruuhodwlrq uhodwlyh wr wkh frkruw0vshflf phdq1
Wkh vwdqgdug LY hvwlpdwru/ xvlqj  dv lqvwuxphqwv iru %| dv zhoo/ dovr
lpsrvhv frqglwlrqv +5;,0+5<,1 Lq dgglwlrq/ wkh udqn frqglwlrq uhtxluhv wkdw
.Wi%|mj lv qrw froolqhdu zlwk .
Wi+c|3mj Iru fdvh D lw lv vx!flhqw wkdw
.Wi%|mj 9' f +dqg q 9' f ru wkdw .
Wi+Jmj 9' f +dqg k 9' f Iru fdvh
E zh qhhg wkdw .Wi%|mj ydulhv zlwk | Iru fdvh E lw lv wkxv uhtxluhg wkdw
wkh wlph0lqyduldqw yduldeohv lq  kdyh d wlph0ydu|lqj uhodwlrqvkls zlwk wkh
h{rjhqrxv yduldeohv lq wkh prgho1 Iru fdvh D wklv lv qrw uhtxluhg dv wkh
{hg vwduwlqj gdwh ri wkh surfhvv lqgxfhv yduldwlrq ryhu wlph hyhq li wkh
uhodwlrqvkls ehwzhhq  dqg %| lv wlph0lqyduldqw1
44
Iru wkh dxjphqwhg LY hvwlpdwru/ zklfk h{whqgv wkh vwdqgdug LY hvwlpdwru
e| lqfoxglqj  lq wkh prgho/ frqglwlrq +5;, lv qr orqjhu uhtxluhg1 Lpsolflwo|/
wklv doorzv iru frkruw0vshflf phdqv lq wkh surfhvvhv iru +| dqg %| Erwk
fdvh D dqg fdvh E qrz uhtxluh wkdw .Wi%|mj ydulhv zlwk | +dqg q 9' f Iru
fdvh D/ wklv pd| djdlq eh uhsodfhg e| .Wi+Jmj 9' f1 Lw vkrxog eh vwuhvvhg
wkdw/ jlyhq wkh lqfoxvlrq ri  lq wkh prgho/ wkh qhhg iru wlph0yduldwlrq lq
.Wi%|mj dqg .
Wi+c|3mj lv pxfk vwurqjhu1
Ilqdoo|/ frqvlghu d vlpsoh yduldqw ri wkh hvwlpdwru sursrvhg e| Froodgr
+4<<;,/ zklfk uhvwulfwv dwwhqwlrq wr glvfuhwh0ydoxhg  Zkloh wklv hvwlpdwru
grhv qrw uhtxluh frqglwlrqv +5;,0+5<,/ lw grhv uhtxluh wkdw
.Wi|mj  .
Wic|3mj
lv xqfruuhodwhg zlwk .Wic|3mj iru  ' 2c c  Qrwh wkdw wkh fdvh zlwk d
wlph0lqyduldqw .Wi|mj lv douhdg| fdswxuhg e| wkh dxjphqwhg LY hvwlpdwru
wkurxjk wkh lqfoxvlrq ri  Wkh rqo| uhohydqw h{whqvlrq wkxv rffxuv zlwk d
44Li  lv vpdoo ru w lv odujh/ wkh lpsdfw ri wkh lqlwldo ydoxhv lv vpdoo dqg wlph0yduldwlrq
lq Hi{lwmzlj lv uhfrpphqghg +dv lq fdvh E,1
44
wlph0ydu|lqj .Wi|mj Krzhyhu/ wkh rqo| vwdwlrqdu| surfhvv wkdw lv frqvlv0
whqw zlwk wklv frqglwlrq lv fkdudfwhul}hg e| htxl0fruuhodwlrq dqg lpsolhv wkdw
.Wi|mj lv }hur +jlyhq wkh suhvhqfh ri wkh frkruw0vshflf hhfw .iwmj
Dv d uhvxow/ wkh uhod{hg frqglwlrqv vhhp wr eh qr zhdnhu wkdq wkrvh iru
wkh dxjphqwhg LY hvwlpdwru dqg wkh dgglwlrqdo vwdjh ri lqvwuxphqwdwlrq lq
Froodgr +4<<;, dsshduv xqqhfhvvdu|1
8 Frqfoxglqj uhpdunv
Pr!ww +4<<6, dqg Froodgr +4<<;, frqvlghu wkh hvwlpdwlrq ri g|qdplf prg0
hov rq wkh edvlv ri uhshdwhg furvv0vhfwlrqv wr eh d uhodwlyho| vwudljkwiruzdug
h{whqvlrq ri wkh vwdwlf {hg hhfwv prgho +vhh/ iru h{dpsoh/ Ghdwrq +4<;8,,1
Wklv sdshu vkrzv wkdw wkh h{whqvlrq lv qrqwulyldo dqg vhyhuho| uhvwulfwv wkh
vhw ri vxlwdeoh lqvwuxphqwv1 Pr!ww*v hvwlpdwru lv vkrzq wr eh lqfrqvlvwhqw/
xqohvv wkh h{rjhqrxv yduldeohv duh hlwkhu wlph0lqyduldqw ru h{klelw qr dxwr0
fruuhodwlrq1 Dowhuqdwlyh lqvwuxphqwdo yduldeohv hvwlpdwruv duh frqvlvwhqw iru
wkh prgho sdudphwhuv rqo| lq uhvwulfwlyh fdvhv1 Zh sursrvh dq dxjphqwhg
LY hvwlpdwru/ fruuhvsrqglqj wr wkh vwdqgdug zlwklq hvwlpdwru dssolhg wr wkh
svhxgr sdqho ri frkruw dyhudjhv/ wkdw lv frqvlvwhqw xqghu hvvhqwldoo| wkh vdph
frqglwlrqv dv wkh pruh frpsolfdwhg hvwlpdwruv vxjjhvwhg e| Froodgr +4<<;,1
Ixuwkhupruh/ rxu sursrvhg hvwlpdwru lv pruh h!flhqw1 Krzhyhu/ qhfhvvdu|
iru wkhvh hvwlpdwruv lv wkh uhtxluhphqw wkdw wkh wlph0lqyduldqw lqvwuxphqwv
kdyh d wlph0ydu|lqj uhodwlrqvkls zlwk hdfk ri wkh h{rjhqrxv yduldeohv lq wkh
prgho1 Zkloh lw lv qrw reylrxv wkdw wklv uhtxluhphqw zloo eh vdwlvhg lq hp0
slulfdo dssolfdwlrqv/ lw lv dovr qrw hdv| wr fkhfn/ ehfdxvh hvwlpdwlrq huuru lq
wkh uhgxfhg irup sdudphwhuv pd| klgh froolqhdulw| sureohpv1
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45
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Jhqxlqh Sdqho GdwdB/ Hpslulfdo Hfrqrplfv/ 4:/ <0561
^43` Yhuehhn/ P1 dqg Wk1 Qlmpdq +4<<6,/Plqlpxp PVH Hvwlpdwlrq ri d
Uhjuhvvlrq Prgho zlwk Il{hg Hhfwv iurp d Vhulhv ri Furvv Vhfwlrqv/
Mrxuqdo ri Hfrqrphwulfv/ 8</ 45804691
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